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Abstract: We propose a method to identify and classify evolution equations and systems 
that can be multipotentialised in given target equations or target systems. We refer to this 
as the converse problem. Although we mainly study a method for (l + l)-dimensional equa- 
tions/system, we do also propose an extension of the methodology to higher-dimensional 
evolution equations. An important point is that the proposed converse method allows 
one to identify certain types of auto-Backlund transformations for the equations/systems. 
In this respect we define the triangular- auto-Backlund transformation and derive its con- 
nections to the converse problem. Several explicit examples are given. In particular we 
investigate a class of linearisable third-order evolution equations, a fifth-order symmetry- 
integrable evolution equation as well as linearisable systems. 
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1 Introduction 

Potentialisations of evolution equations provides a natural way to study special types of 
nonlocal symmetries for partial differential equations and systems, known as potential 
symmetries pQ. In some cases it is possible to apply the potentialisation process again 
on the derived potential equations themselves, which is known as the mulipotentialisation 
process. This procedure of multipotentialisation was applied in [5] and [6] to investigate 
higher-degree potential symmetries, nonlocal transformations, nonlocal conservation laws, 
as well as iterating-solution formulae; all of which were derived as a direct consequence 
of a systematic multipotentialisation of the equations. In |5j we introduced higher-degree 
potential symmetries for the Burgers'- [7] and Calogero-Degasperis-Ibragimov-Shabat hi- 
erarchies [9] and derived the nonlocal linearisation transformations by means of a multi- 
potentialisation of these hierarchies. 

In the current paper we turn this question around: The aim is to identify and classify 
those evolution equations/systems which can be multipotentialised into some given tar- 
get potential equation/system. This is the converse problem. In principle, the converse 
problem consists of a " backwards- calculation-technique" that identifies both the equations 
and the potential variables that relates the equations to a given potential equation. It is 
important to point out that the method proposed here does not require the calculation of 
integrating factors for the equations/systems (see Proposition 1). 

To set the stage, we give an example of the usual (not converse) potentialisation of a 
linear equation. Consider the following problem: Find all third-order evolution equations 
of the form 

u t = F(u, u x ,u xx ,u xxx ) (1.1) 
that can be derived by the potentialisation of the linear equation 

E := v t - v xxx = 0. (1.2) 

The corresponding auxiliary system for (11 .2f) is 

u x = &(x,v,v x , . . .) 
u t = -$ x (x,v,v x , . . .) 

where 



D t &(x,v,...) + D ai * x (x,v,...] 



0. 



Clearly F in (jl.ip is not arbitrary but is constrained by (j 1 . 2 1) and its corresponding $* and 
<3? x . In order to derive eq. fll.ip . we need to find all integrating factors, A(t, x, v, v x ,v xx , . . .), 
for (jl.2p . Those can be calculated by the conditions (see e.g. [5]) 

E[v}(AE) = <=^ L* E [v}A = 0, L A [v}E = L* A [v}E, 
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where E[v] is the Euler operator 



d 



dv * dv x 1 dv t ' x dv2x 
and L*[v] is the adjoint of the linear operator L[v], 



Dl 



d 



dv. 



+ ■■■ 



3.c 



L\y\ = — + —D + —D + —D 2 + — D 3 

dv dvt 1 dv x x dv xx x dv xxx x ' 



L*{v] 



Dx ° \dv x ) + Dx ° \dv xx 



dE 



dv x 



dv 1 \ dvt 
The relation of A to the conserved currents, $ , for (jl.2p is 
A = E[v] 

Following the above method, the only nonlinear equation of the form (jl.ip . so obtained, 
is [6] 

,2 



3^ 
4 ii„ 



(1.4) 



Diagram 1: Potentialisation of vt = v xxx : 



v t = v x 



u t = u x 



3 u xx 

4 u x 



In Section 3 we consider the converse problem of the above, i.e. we seek the equations 
of the form (jl.ip for which (11. 2p is the potential equation. The results of the converse 
potentialisation are listed as Case I in Section 3 and the results of the converse multipo- 
tentialisations of (|1.2j) are listed in Case II and Case III (see Diagram 6). 

The paper is organized as follows: In Section 2 we give the main propositions that de- 
scribes the methodology of the proposed problem and introduce triangular-auto-Backlund 
transformations. These transformations act as solution generators for the equations. In 
Sections 3 we classify third-order evolution equations which can be linearise by a suitable 
multipotentialisation. For example, in this section we shown that the Calogero-Degasperis- 
Ibragimov-Shabat equation and the third-order Burgers' equations, are just special cases 
of a class of third-order evolution equations which possess this type of linearisation prop- 
erty. In Section 4 we study a fifth-order evolution equation and show that the converse 
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multipotentialisation leads in a natural way to an interesting triangular-auto-Backlund 
transformation for the equation. In Section 5 we propose the converse problem for sys- 
tems of evolution in (1 + 1) dimensions and in Section 6 we extend our methodology to 
evolution equations in higher dimensions. Some conluding remarks are made in Section 7. 

2 The converse problem for the multipotentialisation of 
(1 + l)-dimensional evolution equations 

In this section we consider (1 + l)-dimensional evolution equations and propose a method 
to study the converse problem that aims to identify equations that can be potentialised 
in a target potential equation. This addresses the problem of deriving auto-Backlund 
transformations for evolution equations. 

2.1 Definitions and Propositions 

Consider the following general x- and i-independent evolution equation of order p in the 
form 

u t = F(u, u x ,u xx ,u 3x , ... , Upx). (2.1) 
We now define the converse problem and state conditions by which it can be studied. 

Definition 1: The converse problem of the potentialisation of $2.1\) aims to determine 
the functional form(s) of F in \2.1\) for which \2.1\) potentialises in a target equation of 
order p, given by 

v t = H(v x ,v xx , ... , v px ) + a v, a : constant, (2.2) 

with potential variable, v, and auxiliary system 

v x = &(x,u,u x ,...) (2.3a) 
v t = -$ x (x,u,u x ,...), (2.3b) 

where 

D t <Z>\x, u,u x ,...) + D x $ x (x, u, u x , . . .) 

holds. 

Following Definition 1 we replace vt from (|2.2p in (|2.3bj) . differentiate (|2.3bj) with respect 
to x, and use (I2.3ap and (12. 4ft to express the resulting relation in terms of This leads 
to 

Proposition 1: The condition on such that 
Ut — F(u, u x , u xx , u^ x , . . . , Up X ), 



ii.-, = F(i. 



(2.4) 
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potentialises in 



v t = H(v x ,v xx , v px ) + a v, 



is 



D X H ($*, D x <$>\ D 2 X &, D' p - l &) + ao& = D t & 
where H is a given function and «o a given constant. 



Ut=F{u,U x ,—,Up X ) 



(2.5) 



Note that condition (|2.5p places a constrained on both <J>* and F for a given H, which 
assures that (12. ID potentialises in (12. 2D . Note that, in order to solve condition (I2.5P for 
both F and we need to make an assumption regarding the functional dependence of 
That is, we have to make a choice for the number of derivatives, q, allowed for $ : 

Next we describe the converse multipotentialisation process. Consider again the general 
equation, (|2.ip . viz. 



Uf — F(u, u x , u xx , u^ x , • • • , Up X ), 
and assume that it can be potentialised in some given evolution equation of order p, say 

v t = G(v x ,v xx ,v 3x , Vpx), (2.6) 
where (12. ip admits the auxiliary system 



and 



v x = $\(x,u,u x , . . .) 
v t = -$f(x,u,u x , . . .) 



D t <Z>\(x,u,...) + D x $>f(x,u,...) 



u t =F 



Introduce now a second auxiliary system, namely for (|2.6p . of the form 

w x = $l(x,v,v x , . . .) 
w t = -$f (x,v,v x , . . .), 

such that w is the dependent variable for yet another evolution equation, say 

w t = H(w x ,w xx , . . .,w px ) 

and 



D t <Z>i(x,v, . . .) + D x <Z>%(x,v, ...) 



0. 



(2.7a) 
(2.7b) 



(2i 



(2.9a) 
(2.9b) 



(2.10) 



(2.11) 



v t =G 
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The above procedure provides a method to identify all equations of the form (12. ip that can 
be potentialise in (|2.6p under the first potential variable, v, with corresponding auxiliary 
system (I2.7ap - f2.7bp . and which furthermore potentialises into (|2.10p under the second 
potential variable, w, with auxiliary system (|2.9ap - (|2.9bp . Hence this multipotentialisa- 
tion procedure identifies the family of equations, (|2.ip . that are related to (|2.10p with a 
transformation that can be obtain by composing 



v x = ${(x,u,u x ,...) (2.12a) 



We call this the second-degree converse multipotentialisation of (|2. 10j) . The nth-degree 
converse multipotentialisations with potential variables, {vx, v%, . . . , v n -i,w} can then be 
introduced in an obvious manner, where q2.12a|) - (|2,12b|> extends to 



w x = $ 2 (x,v,v.. 



'x, ■ ■ ■ 



) 



(2.12b) 



V\,x = 




V2,x = 



,xi ■ ■ ■ 



) 



V3,x = $i(x,V 2 ,V2,x, ■ ■ ■ 



) 



(2.13) 



«(n-l),x = ®n-l(x, V n -2, V n - 2 ,x, ■ ■ ■ 



) 



w x = $„(x,f„_i,f„_i v 



Diagram 2 describes the nth degree converse multipotentialisation of (|2.10p : 
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Diagram 2: 



Converse multipotentialisation of w t = H of degree n 



w t = H(w x ,...,w px ) 



»!i= $ iK-i] 



v {n-l},t — G n -l(v{ n -i} jX , , U{Ti-l},p X ) 











XI ■ ■ ■ 


, V2, px 


) 




V2,f- 


=*«[«!] 




1>l,t 


= Gi(vi, x , , . . 


! Vl,px) 








VI, f- 


=*«[«] 








= F(u,u x ,... 







2.2 Triangular auto-Backlund transformations 

In some cases we can combine and compose several conserved currents, $>*, to form non- 
point mappings of the dependent variable of an equation to the same equation. This maps 
solutions to solutions and can hence be applied to generate nontivial new solutions. We 
name such transformations triangular Auto-Backlund transformation, or A- Auto- 
Backlund transformation. There are essentially three types of A-Auto-Backlund trans- 
formations. This is demonstrated in the Diagram 3 below. Note that "Equation A [V]" 
represents an evolution equation with V as its dependent variable and $*[V] denotes the 
equation's conserved current, which is a function of x, V, V x , V xx , etc. 
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Diagram 3 



A-Auto-Backlund transformation: Type I 




Equation A [V] 



A-Auto-Backlund 
*[t>,V] :=mV]-*\[v 



Equation A [v] 



A-Auto-Backlund transformation: Type II 



Equation B [u] 




A-Auto-Backlund transformation: Type III 




Several A-Auto-Backlund transformations are reported in Propositions 2, 3, 4, 5 and 
Proposition 6. 



3 Third-order linearisable equations in (1 + 1) dimensions 

3.1 First-degree converse potentialisation 

For an application of Proposition 1, we now discuss the converse problem of linesarisable 
evoluton equations, i.e. the problem by which to determine the functional form(s) of F in 
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flZU), viz. 

for which (|2.ip potentialises in the linear evolution equation of order p, 

vt = £to[a]v, (3.1) 

under the first potential variable, v, with auxiliary system (|2.3aj) - (I2.3bj) . Here is the 
general linear operator with parameters {ao, a%, . . . , a p } defined by 

C^[a):=J2<*jDi- (3-2) 

3=0 



Note that 

D x C<*>[a]v 



= £ (p) [a]$*. (3.3) 

v x =& 



Following Proposition 1, the condition on <&* and F for potentialisation the (|2.ip in the 
linear equation (|3.ip . then becomes 



= 6 p) [a}^. (3.4) 

u t =F 



As a special case we study third-order evolution equations with potentialisations in 

Vt = Vxxx (3.5) 
in detail. Consider the third-order evolution equations in the form 

U t = F(u, U x ,U X x,Uxxx) (3.6) 

and assume that admits a conserved current of the form 

= &{u,u x ,u xx ). (3.7) 



Solving condition (13. 4]) , with the assumption of (13.7p . we find that the most general form 
of (|3.6p which potentialises in the linear equation (|3.5p is given by the following two cases: 

Case I a: The conserved current 

$\u,u x ) = _^ + Cl j , (3.8) 

leads to the equation 

3/ "L \ _ 3/l ' /«x + 2ci/i\ ( 5 f h '\ 2 _ h "\ 3 

= " 4 + ciV" 2 77 + ci/i J UxUxx + \4{~h) ~TJ Ux 

3ci(/l') 2 2 3 2/LA2 3 /cf/l 2 (/l') 2 \ 3o, tA2 , , 
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where h is an arbitrary but nonzero differentiable function of u and c%, c 2 are arbitrary 
constants. 

Case I b: The conserved current 

*«(«, u x ,u xx ) = V2hux \ 2cih2 (u xx - (* ) ul) (3.10) 

leads to the equation 

3 u 2 xx 3ti (u x + 2 Cl h\ 1 f5(h') 2 -4hh"\ 4 

u t - u xxx - ~ Aux + Cih ~ g J + J + 4 U 2 K + ci/i) J Ux 

(2{ti) 2 -hh"\ * ( h \ ( h 2 \ . . 

+ c i tV^~ TV «x + c 2 ■ r «x + cic 2 ■ , (3.11) 



h(u x + c\h) J x \Ux + c\h) \u x + c\h 

where h is an arbitrary but nonzero differentiable function of u and c\, c 2 are arbitrary 
constants. 

Remark 1: 

The case, $>* = fi(u)u x + ^(it) for any differentiable functions f\{u) and f 2(^)1 result in 
linear equations for (|3.6p under the point transformation u 1— > h{u) and are therefore not 
listed here. 

The above Case la and Case lb lead to 

Proposition 2: An A-auto-Bdcklund transformation of type I for 

= ««, --,{-)- 2 ju x u xx ~ T j % (3-12) 
is given by the relation 

where u and U satisfy \3.12\i for any nonzero arbitrary differentiable function h. 

Proof: Equations (pT9j) and (j3TTj) with 

ci = c 2 = (3.14) 

reduce to the same equation, namely (|3.12|) . Consider now (|3.9p with (|3.14|) in terms of 
the dependent variable U, i.e., 

u t -u - 3 -(^]- 3 -l^luu j5//^\ 2 _^)\ 3 f315) 

Ut ~ xxx A\U X ) 2 h(U) x xx + { 4 V h(U) J h(U) J ^ [6Ab) 
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with the conserved current, ()3.10p . and its relation to the potential variable v, 
Moreover, f|3. 12|) has the following relation to the same potential variable, v, namely 



1 / (h'(u) , 2 



<■ (3-17) 



V \Hu)J x 

Relation (I3TT3D . then follows by lETISlt and (f3TT)l . n 
Remark: 2: Equation (|3.12|) with h(u) = 1, reduces to 
3u 2 

u t = u xxx --— (3.18) 
4 u x 

and the A-auto-Backlund transformation, (|3.13p . takes the form 

s x = (3.19) 

This special case, (|3.18p . and its auto-Backlund transformation, (|3.19p . has been reported 
in [6]. 

3.2 Converse multipotentialisation 

For second degree converse multipotentialisations of the linear evolution equation 

w t = w xxx (3.20) 

we consider (|3.12p with 

h(u) = exp(ati), a : arbitrary constant, (3.21) 

that is 

3 U TT 3 loo , v 

u t = u xxx - -au x u xx + -a u%. (3.22) 

We now construct the most general equation of the form (|3.6p . now written in terms of 
the variable v, 

v t = F(v,v x: v xx ,v xxx ), (3.23) 

which admits (|3.22p as its potential equation with auxiliary system 

u x = &(v, v x ,v xx ) (3.24a) 

«* = -*>,«*,...). (3.24b) 
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Applying Proposition 1 we obtain the following constraint on <3? : 
- [D x &f - + ^ (d><) 2 D x & = D t ¥ 



(3.25) 

v t =F 



By condition (|3.25[) . the most general form of (|3.23[) for which (|3.22p is the potential form 
of (|3.23p with the conserved current 3>* = &(v, v x , v xx ), is given by the following cases: 

Case II a: The conserved current 

$ t (v,v x ) = ^--ci (3.26) 

leads to the equation 

3 ( vj x \ 3 f Cl f(a + 2f >)-(/> + a)v x \ 3 

vt = v xxx + - — — - — r v x v xx + -ac\v xx 

^\cif-v x J 2\ f{cif-v x ) J 2 

1 /4/'7-5(/') 2 -6a/'-a 2 \ 3 3 Cl (f + a) 2 2 



4 / 

rWr-^) Vx + l(^)-l4ff + c^ (3.27) 



where / is a nonzero arbitrary differentiable function of v and a, c±, c 2 are arbitrary 
constants. 

Case II b: The conserved current 

**(«) = /(«), (3.28) 
leads to the equation 

3/" 3/'\ / /"' 3f" 3 //'\ 2 \ o 3 



XX 



+- 4 ^fv x - \a (/' + Ipj vl (3.29) 

where / is a nonconstant arbitrary differentiable function of v and a is an arbitrary 
constant. 

Case II c: For a = 0, the conserved current 
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leads to the equation 



'3f 3/'\ / /'" 3f" 3 ff'\ 2 \ 3 

: 4 1 ~jr ~ ~2f) VxVxx + 1 ~ ~2f + 4 1 y J ) Vx ' 



(3.31) 



where / is a nonconstant arbitrary differentiable function of v. 
Remark 3: 

It is interesting to note that (|3.29p contains, for special values of a and special functions 
/, two well-known equations, namely the following: 



With a = -2 and f(v) = v 2 equation (13391) is the Calo gero-Degasperis-Ibragimov-Shabat 
equation (CDIS) ([2], [8]) 



vt = v xxx + 3v 2 v xx + 9vvl + 3v A v x 



(3.32) 



and with a = and f{v) = exp(2t») equation (|3.29p is the third-order potential Burgers' 
equation [5j 



v t = v xxx + 3v x v xx + v a 



(3.33) 



In [5] we showed that both (|3.32p and f|3.33|) linearise under a suitable multipotential- 
isation. Hence the equation (|3.29p can be viewed as a generalisation of the Calogero- 
Degasperis-Ibragimov-Shabat equation, (|3.32p . and the third-order Burgers' equation, 
(|3,33p . as (I3.29P combines both of these interesting equations into a single equation with 
arbitrary function, f(v). See also Diagram 6. 



Diagram 4: Converse potentialisation of wt = 



w t = 


VJxxx 




w x =& 


Case ll[v] 



A closer look ar Case lib and Case lie reveals a A-auto-Backlund transformation for 
§3M- 

Proposition 3: An A-auto-Backlund transformation of type I for \3. 31\) , viz. 



,3f 3/'\ / f" _ 3/" 3 //' 

vt — v xxx + \ 2f J VxVxx 1 ft 2/ 4 I / 
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is given by the relation 

f(V) = iJ ^- vl (3.34) 

where v and V satisfy \3. 31}) for any nonconstant differentiate function f 

Applying Proposition 3 with f(v) = e 2v on the third-order potential Burgers' equation, 
(13331) . viz. 

v t = v xxx + 3v x v xx + vl, 
we obtain the A-auto-Backlund transformation of type I for (|3.33p in the form 

e 2V = Ae 2v v 2 x . (3.35) 
By differentiating f)3.35j) we arrive at the relation 

V x = v x + D x ]n\v x \ (3.36) 

which can be applied to gain auto-Backlund transformations for those equations which 
can be potentialised in (j3.33[) . Note that (|3.22ft with a = 0, i.e., 

3 u 2 

u t = u xxx - (3.37) 

4 u x 

and ()3.33p . both admit linear integro-differential recursion operators: Equation (13.371) 
admits the second-order recursion operator, i?i[it], given by (e.g. [I]) 



Rial - [)■; - —D r + -— - - ( — ) (3.38) 
u x 2 u x 4 V u x J 

1 1-1 — 1 ( V'xxxx 2lL xx U xxx ( U xx \ \ . 

~2 D * °{— x ^- + [^) J< (3 - 39) 

whereas (|3.33|) admits the first-order recursion operator, -R2M, given by (e.g. [7]) 

R 2 [v]=D x + v x . (3.40) 
Equations f|3.3T|) and (|3.36|) can now be written, respectively, in the form 

ut = Ri[u]u x , v t = Rj[v]v x , (3.41) 

and the hierarchies of n equations are 

u t = R^[u]u x (3.42a) 
v t = R%[v]v x , n <E J\f. (3.42b) 

Hierarchy (|3,42b|) is known as the potential Burger' hierarchy [5]. Since all equations in 
a given hierarchy of evolution equations admit the same conserved currents, the A-auto- 
Backlund transformation for (j3.36p is valid for the entire potential Burgers' hierarchy 
(|3,42bp . The transformations between the two hierarchies and their A-auto-Backlund 
transformation are illustrated in Diagram 5. 
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Diagram 5 



ut = Ri[u]u a 



u x =exp(2V) 



u x =4v x exp(2t;) 



V t = Rf[V]V x 



V x = v x + D x \n.\v a 



v t = Rl n [v]v x 



We now consider (|3.33p . viz. 



v t = v xxx + 3v x v xx + vl, 



for the third degree converse potentialisation of (|3.20p . Applying Proposition 1, we obtain 
the constraint 



D x & + 3 (D x &) + 2>&D 2 X & + 3 ($*) D x & = D t & 



qt=F(q,q x ,q xx ,q x 



(3.43) 



which allows 

Qt = F(q, q x ,q xx , q xxx ) (3.44) 

to be potentialised in (I3.33|) with the auxiliary system 

v x =$ t (q,q x ) (3.45a) 

t* = -**(?,&....)• (3.45b) 

This identifies five cases: 

Case III a: The conserved current 

&(q)=g{q), g'(q)^0 (3.46) 
leads to the equation 

« = + 3 (£) + 3 afe + (£) 4 + 3 (V + «£) i + 3 9 V (3.47) 
where 5 is an arbitrary nonconstant differentiable function of q. 
Note: With g = q, (]3.47p is the third-order Burgers' equation [7], [3], 

qt = qxxx + 3q 2 x + 3qq xx + 3q 2 q x . (3.48) 
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Case III b: The conserved current 

®\q,qx) =9(q)q x + c 1 , g{q) + (3.49) 
leads to the equation 



fd' \ ( , 2 9"\ 3 

qt = qxxx + 3 I — + g I q x q xx + 2cife + \ 3g + g + —\ q x 



+3c 1 (g+^q 2 x +3cjq x + j, (3.50) 

where g is an arbitrary nonzero differentiable function of q and c±, c 2 are arbitrary con- 
stants. 

Case III c: The conserved current 

^ fe) = ( g(g) ( + Cl ) fe + ^ (3 - 51) 

leads to the equation 

, [ gg" + gg" + (g') 2 \ 5' \ 

% = fez + 3 J; — ■ r q x q xx + 3 — ■ q x q xx + 3gq xx 



ii i \ / i X *i XX 1 i i 
ff(5 + ci) / V5 + ci, 

+ (^)^ + 3(^+ 5 ')^ + 3 5 V, (3.52) 

where 5 is an arbitrary nonconstant differentiable function of q and C\ is an arbitrary 
constant. 

Case III d: The conserved current 

&(Q,Qx) = V* + 9(q), g'(q)^0 (3.53) 

leads to the equation 

3f2gg^gT\ 

qt — q xxx + 7: 1 -. q x q xx + ^gq xx 

2 V gg J 

1 {3(g>T-6gg'g" + *g 2 g'"\ ag"\ „ 2 , oJ2 . 



+ 4 V J 9s V IT J ^ 91 ' ( } 

where g is an arbitrary nonconstant differentiable function of q. 

Case III e: The conserved current 

&(q,q x ) = VQ + g(q), (3-55) 
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where 



Q ■= g'qx + g 2 + c x 



g'(g) + o, 



(3.56) 



leads to the equation 



Qt — Qxxx 



+^ (V + cig - VQg 2 - oyy/Q) q xx + ± [g'g'" - \{g"f) g x 
+7^7 (*V + c ig '" + 6(g'f - 3^Qg'g") q x 

+7^7 [aa" (ci - VQg + g 2 ) + {g'f (zg 2 + 3ci - 2^Q g ) - a^/Qg"] <£ 

+^ (c\ - 2 Cl ^Qg + 3c l9 2 - 2^Qg 3 + 2<? 4 ) q x . 




(3.57) 



Here g is an arbitrary nonconstant differentiable function of q and c\ is an arbitrary 
constant. 

A detailed graphical description of the converse multipotentialisation of (|3.20p is given in 
Diagram 6. 

As described in Section 2, the linearisation transformations of all the equations listed 
above can now be determined by composing the corresponding conserved currents. For 
example, eq. (|3.29p of Case II b linearises in (|3.20p under the nonlocal transformation 




(3.58) 



which is obtained by composing 




(3.59a) 




(3.59b) 



Diagram 6: 



c + ei h 



h!_ ( u x + 2a 1 h \ i / 5(h') 2 -4hh" \ 4 



+ C1 



( 2 ff2+cih" ) "x + c 2 + C 1C2 ( -Jg-^ 



3 / "xx A _ 3 f £1 
- 6af' -a? \ 



+ 

4/"/-5(/') 



/(q + 2/')-(/'+c,)i, 3; 
/(ci/-"x) 



I l>x«xx + if 



3 c^/' + c) 2 



/ 2 



e?((/') 2 -^),x + |(^M) 



|cf/'/ + c 2 / 



v /2h tlx +2cih 2 



.>£ = ^xxx 



™x = ^7j V"<:i+"x/h(") 



3 ci(h') 2 
'4 h 



i^kn) - -.xx + (f (^) 2 - J£) 

- HC>') 2 -x - f (4^ir) + H^') 2 * + 



c 1= 



h(w)^exp(au) 



^x = ^x // — ci 




3 U 2 

XX 


3 


« 2 3 




V-t — ^xx 




— — au T u TT 


+ < 




4 % 


2 


4 



= «xxx + - Zfp) V X V X 

+ f« 2 / 2 .x -fa(/' + *f 



t" _ 3f 
, /' "2T 



3 T 



CDIS-cquation 



vt — .xxx + 3. .xx + 9. . x 4- 3. .x 




/(«)=exp(2„) 



vt = .xxx + 3.x .xx 4- ij^ 3rd-order potential Burgers' eq. 



**(<!, to) 



Case III a, Case III b, Case III c, Case III d, Case III e 
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By Proposition 3 and the auto-Backlund transformation (I3.36D for the potential Burgers 
equation f|3.33j) . we have auto-Backlund transformations for all equations listed in Case 
III above (see Diagram 7). These auto-Backlund transformation are of the form 



&(Q,Q x ) = $ t (q,q x ) + D x In !**(?,&)!, 



(3.60) 



where $ are the conserved currents of the equations in Case III. For example, the equation 
given in Case Ilia, namely (|3.47p . 

« = «_ + 3 (£) fcfa + 3 9fe + (£) £ + 3 (V + «£) + 



admits the auto-Backlund transformation 

5(g) 



(3.61) 



where <&* = g{q). For = q, (I3.47P is the well-known third-order Burgers' equation [5] 



% = q X xx + Zqqxx + Hi + 3q 2 qx, 



and (|3.6ip reduces to the well-known auto-Backlund transformation 

Q = q + — 



(3.62) 



(3.63) 



which can be derived by a truncated Painleve expansion for the Burgers' equation (see 
e.g. [H]). As a second example, consider Case III b. It follows that 



g(Q)Q x = g{q)qx + 



g'{q)ql + a{q)qx 



g{q)q x + c\ 

is an auto-Backlund transformation for (|3.50p . 



(3.64) 



Diagram 7: 



v t = v xxx + 3v x v X x + v; 



V m =<6 t (,Q,Q x ) 



Case III: a), b), c), d), e) 

Qt = F(Q,Q x ,Q xx ,Q X xx) 



=4u^ cxp(2i!) 




«x=* t (9,<! !C ) 



**(<?, Qx) = **(<7,<Jx) + Dxln|'S t ( ? ,9x)l 



Case III: a), b), c), d), e) 

It = <3x , 9xx , 9xxx) 
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4 Converse multipotentialisation of a fifth-order integrable 
evolution equation 

In this section we apply the converse multipotentialisation methodology on the following 
fifth-order equation: 



hu xx u^ x 15 u xxx 65 u xx u xxx 135 u xx 
4 u x 4 u x 16 u x 



u t = u 5x h o -7 o-. (4.1) 



Equation (|4.ip plays a central role in the nonlocal invariance of the Kaup-Kupershmidt 
equation [10]. We show that a converse multipotentialisation of (|4.ip leads to a A-auto- 
Backlund transformation of type II. 

Our aim is to find 5th-order equations of the form 

v t = F(v,v x ,v xx , . . . ,v 5x ), (4.2) 

such that (|4.2[) potentialises in (|4.1|) . The auxiliary system for (|4.2|) is 

u x = <f>{{v,v x ,...) (4.3a) 
uj = -*?(«,!;*,...). (4.3b) 

By Proposition 1 we obtain the following condition on <!>': 

D x *\ - f (Si)" 1 D^*' - 5 (^y 1 D X $\D X $\ + § (d>i)- 2 (Z>,**) 2 

+^ (*ir 2 a,*! (^$i) 2 - ^ (*ir 3 (a,*!) 8 ^*! 



+ ^(^)" 4 (^i) 5 = A^ 



(4.4) 

vt=F(v,v x ,...,V5 x ) 



A first-degree converse potentialisation of (|4.1|) is then obtained by solving (|4.4p for 
and F. One of the solutions is 

= « V (4.5) 

for the equation 

§V xx Vi x <3V XX V XXX , . 

v t = v 5x 1 5 (4.6) 

v x v l x 

For a second-degree converse multipotentialisation of (|4.ip , we apply a first-degree converse 
potentialisation on (|4.6p . That is, we seek an equation of the form 



V t = G(V,V x ,V xx ,...,V 5x ) (4.7) 

that would potentialise in (|4.6p . The auxiliary system for (14. 7|) is 

«x = *I(V,^,...) (4.8a) 

wt = -$!(V,V*,...) (4.8b) 
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and by Proposition 1 we obtain the following condition on $ 2 : 

D%& 2 + 5 (& 2 y 2 {D x & 2 f Dl& 2 - 5 {& 2 y l D 2 x *\Dl& - 5 (^y 1 D X & 2 D\& 
-10 (^ 2 )- 3 {D x $\f D 2 X ¥ 2 + 5 (d>|)~ 2 (Dl& 2 ) 2 

+ 5{^y 2 D x ^ 2 D 3 x ^ 2 = DM 



(4.9) 



Vt=G(V,V x ,...,V 5x ) 
A solution of P~9j) is 

& 2 = VV~ 1/2 , (4.10) 
for the equation 

v v 5V xx V ix 15V 2 XX 65 V 2 X V XXX 13514 r , in 

We note in passing that the equations (|4.1ip and (14. lj) are identical equations. Hence we 
have a A-auto-Backlund transformation of type II for equation (|4.1[) . This auto-Backlund 
transformation is given by the composition of 

u x = v 4 v x \ v x = VV x 1 ' 2 (4.12) 

that leads to 



Proposition 4: A A- auto-Backlund transformation of type II for d4-l\) , 

hu xx u\ x 15 u xxx 65 u xx u xxx 135 u xx 
1H = u 5x h 



VIZ. 



4 u x 4 u x 16 u x 

is given by the relation 

1 (V xx 2V X \ V 1 / 2 

w ' = l{t-ir) w + ^ (413) 

with 

W\x,t) = ^±, (4.14) 



where V and u satisfy equation j^. 1\) 



5 Systems of evolution equations in (1 + 1) dimensions 

We consider a system of m evolution equations of order p in the form 

Uj, t = Fj(u,u x ,...,u px ), j = l,2,...,m, (5.1) 
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where 



U := (ui,U 2 , • • • ,Um), Ux ■= (ui jX ,U2,x, ■ ■ ■ ,Um,x), 

d k Ui 



dx k 



Assume that (|5.1|) admits m conserved currents, {&\,& 2 ,. 
flux, {$>f, $f , . . . , $^}, an d the notation 



, w ith corresponding 



That is 







ut=F(u, u z ,...,Upz) 



A^'( x ' u ' Ua: ' ■ • •) + A^O^u,^, . 
j = 1,2,... ,m. 

We now introduce m potential variables {ui, t>2, • • • , v m }, such that 

v JiX = $*-(z,u, u x , . . .) 

v j,t = ~^j(x,u, u x , . . .), 
with corresponding potential system 



(5.2) 



Hj(v x , v xx , . . .,Vpx) + ^JijVi, j = 1,2, ... ,m. 



(5.3a) 
(5.3b) 

(5.4) 



i=l 



Analogue to Proposition 1, we now have 

Proposition 5: The condition on <&*■ which allows system \5. 1\) to be potentialised in 
system ((5.^[) is given by the following conditions: 



D X H^\D X ^\ . . . , AT**') • Y^-.y, = A$ 



(5.5) 



u t =F(u, u Ir .,u pI ) 



j = 1,2, ...,m, 

where H±, H2, ■ ■ ■ , H m are given functions and jij are given constants. 

Similar to the case of scalar equations, we can define A-auto-Backlund transformations 
of type I, II and III for systems of the form (|5.ip . An example of a A-auto-Backlund 
transformation of type I is given below. 
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We now consider systems of the form (15. ip that can be potentialised or mutipotentialised 
in a linear system of m evolution equations of order p, 



v jlt = {cf [c&cf [c4] : ...,Cf KJ) • ( Vl ,v 2 ,...,v m )^^2cf } [ a {]v k (5.6) 

k=0 

j = 1,2,... ,771, 

where Cj is the linear operator of order p and oP k = (a], , o? kl , . . . , a? kp ) are constants. 
Here the linear operator Cj [ccl] is defined as follows: 



• Mr 



4 P) - 4o ^ + < ^ + • • • + «i ^ 

We consider an example of such linearisable systems. 



(5.7) 



Example: Let 



vi,t = vx- 



V2,t = V 2 ,xx 

and find Fx and F 2 such that 

Ul,t = Fx{ui,U 2 ,Ux,x,U2,x,Ul,xx,U2,xx) 
U 2 ,t = F 2 (ui,U 2 ,Ux,x,U2,x,Ul,xx,U2,xx)- 

The associated auxiliary system for ()5.9ap - (j5.9bp is 

VX,x = &x(x 1 U 1 ,U 2 ,Ux,x,U 2 ,x, ■ ■ ■), Vx,t = ~*f (x, Ux , U 2 , Ux,x , U2,x , 

^2,x = $2(2:, ^l,^,^,^, • • •)> V 2,t = -& 2 (x , Ux, U 2 , Ux,x, U 2 , x , ■ 

Following Proposition 5, condition (|5.5p reduces to 



DM 



A*3 



ut=F 



(5.8a) 
(5.8b) 

(5.9a) 
(5.9b) 

(5.10a) 
(5.10b) 

(5.11) 



u t =F 



We now have to make an assumption for the dependence of §\ and The simplest case 



is 



^ = fj(ux,u 2 ), i = 1,2, (5.12) 
where fx and f 2 are arbitrary functions of ux and u 2 . This leads to the system 



f%,Ui f2,u 2 



Ux,t 
U2,t 



Dlfx 
Dlh 



(5.13) 
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System (|5.9al) - (I5.9bjl then takes the form 

. J2,uif\,uiui ~ fl,U2f2,U2U2\ 2 , I f2,U2fl,u\ui ~ f\,u%f2,uiui \ 2 

"LI ~ "J-.r.r + | jJT J U 2iX + I — ) U 



., / f2,U2fl,UlU2 f l,U2f2,UlU2 \ 1 A \ 

+2 ( — ■ yj-^ ! I u hx u 2 , x (5.14a) 

,U2U2 ,U2U2\ 2 ( fl,uif2,u\ui f2,u\fl,uiui 

U2,t = U2,xx + I ^ I U 2 x + I — j a l x 



. r, ( fl,Ulf2,UlU2 f2,U\fl,U\U2\ /r- 1 11 \ 

+2 I — I U liX U2, x , (5.14b) 

where is the determinant of the matirix on the right hand side of (|5,13p . i.e. 

W := h,uj2,u2 ~ h,u2h,u x + 0. (5.15) 

Hence system (|5.14ap - (|5.14bp linearises in system (|5.8ap - (|5.8b|) by the relations 

vi,x = h(u 1 ,U2) (5.16a) 
V2,x = f2(ui,u 2 ) (5.16b) 

for any differentiate functions f\ and fi which satisfy condition (|5.15p . 

In order to construct a A-auto-Backlund transformation of type I for system (|5,14ap - 
(|5.14bp . we need to find a second potentialisation for (|5.14ap - ()5.14b[) in the same system 
(|5.8ap - (|5.8bp . For this purpose we consider the system (j5.9aj) - (|5.9b|) in terms of the 
dependent variables w\ and u>2, i-e. 

Wl,t = Gi(wi,W2,Wi,x,W 2 ,x,Wi,xx,W 2 ,xx) (5.17a) 
W2,t = G 2 (wi,W2,W 1 , x ,W2,x,W 1 ,xx,W2,xx)- (5.17b) 

and assume another set of conserved currents for (|5,17ap - f|5. 17b|) . which we'll denote by 
fy\ and \E , 2- We assume the form 

= 9i(wi, w 2 )w ltX + h 1 (w 1 ,u 2 )w2, x (5.18a) 
*2 = 92(wi,W2)w ltX + h 2 (w 1 ,W2)w2, x - (5.18b) 



By Proposition 5, this leads to several systems of which we show here only one, namely 
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the system 



. hig 2tW2 — gih\ W2 \ 2 , fhih 2m — g 2 gx,wi \ 2 

"'!./ - »'J + I g 1 «:,,,. + I ) W 1>x 



+2( hlh2 ^ Q g2hl ^ ) Wl , x w 2 , x (5.19a) 



^2^1,w 2 — 9\9l,w% \ 2 , fh29l,v>i — 9lh2,wi\ 2 
= 1Uo„+ W-i 



W 2 ,t = W 2 ,xx + ; ~p\ ■ W 2 + ■ ; W 



Q J z ' x V Q 



J l,x 



. n fh 2 h lw - gih 2 , m \ ,,,„ u 
+2 I '■ — '■ — J w hx w 2 , x , (5.19b) 

where the following conditions must hold: 

hi,wi ~ 9i,w 2 = 0, h 2 , W2 ~ 92, W1 = 0. (5.20) 
Here Q is defined as follows: 

Q := hih 2 - g\g2 + 0. (5.21) 
Hence system (|5.19ap - (|5.19b|) linearises in system (|5.8a|) - (|5.8b|) by the relations 

vi >x = 9i(wi,w 2 )wi tX + hi(w 1 ,u 2 )w2, x (5.22a) 

V2,x = 92(W1,W2)W1,X + h 2 (w 1 ,W2)'W2,x (5.22b) 

for functions g\, g2, hi and h 2 which satisfy the conditions (|5.20p . A A-auto-Backlund 
transformation of type I follows for system ()5.14ap - (|5.14bp when the systems ()5.14ap - 
(|5.14bp and (|5.19aj) - (I5.19bj) are quivalent. This is achieved for the case 

hi(wi,w 2 ) = -f^-, h 2 (w 1 ,w 2 ) = ^- (5.23a) 
ow 2 OWi 

9i(wi,w 2 ) = 92(wi,w 2 ) = ^p-. (5.23b) 

OW\ ow 2 

This leads to the following 



Proposition 6: A A-auto-Backlund transformation of type I for system ( (5.i^a[ ) - (5.14b) 
is given by the relation 

f , \ df 2 (wi,w 2 ) df 2 {w 1 ,w 2 ) , . 

fi{ui,u 2 ) = wi x H 5 w 2 , x (5.24a) 

OWl ow 2 

f 2 {ui,u 2 ) = wi x H s wix, (5.24b) 

OWi OW2 



where {ui, U2} and {w\, W2} satisfy system |5. i^a| ) - (5.14b) for any nonconstant differ- 
entiate functions f\, f 2 that satisfy condition \5.15\) . 
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Fo demonstration we consider a special case of the transformation (|5.24ap - (|5.24bp : Let 
fi(ui,u 2 ) = uiu 2 , h{ux,U2) = — • (5.25) 
The relation (|5.24ap - (|5.24b|) then reduces to 

u\ = — (^2^1,2 ~~ w i w 2,x) 1 ^ 2 (5.26a) 



w 2 



1 ( 



2„,,2 „„2„„2 \ 1/2 



■ y W 2 W i,x ~ W l W 2,x) 

u 2 = '■ ■ ■ , (5.26b) 

W 2 W 2 W hx + WiW 2) x 

which is valid for the system 

«l,t = u ljXX + ( ^ ) u\ x (5.27a) 



u 2 ,t = m,xx ~ —ul x + ( — ) Ui )X U 2)X - (5.27b) 



U2 ' \U\ 



Thus for any functions, {w±, W2}, that satisfy system (|5.27ap - (|5.27bj) . the relation (|5.26al) 
- ()5.26bp provides a new solution {u±, U2} for that system. 



6 The converse problem in higher dimensions 

The extension to higher dimensions is certainly a nontriavial problem. The aim in the 
current paper is to propose a method of converse potentialisation for evolution equations 
in n dimensions in an analogue manner to that proposed in Proposition 1 for evolution 
equations in (1 + 1) dimensions. We consider here the case of second-order evolution 
equations and, moreoever, equations which can be potentialised in a linear autonomous 
evolution equation. In particular, we consider n-dimensional second-order autonomous 
evolution equations in the dependent variable, n, and independent variables, 

{t,x,yi,y 2 ,...,y n -2}, (6.1) 
of the form 



U t — F{U,U X , U XX , U Xyi , • • • , U X y n _ 2 , Uy iyi , U yi y 2 , . . . , ^ J/ n _ 2 «/n - 2 ) 

where n > 2. Assume now that there exist functions, 
for (lO), such that 



.2) 



•3) 



D t & + D x $ x + D Vl <S>yi + ■■■ D Vn _ 2 & 



0. 



(6.4) 



u t =F 
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Following [TT] and pQ we introduce n — 1 potential variables, 

{vi,v 2 , ■ ■ ■ ,v n -i} (6.5) 
and the following auxiliary system for (16. 2|) : 

$* (6.6a) 



5y l -V 



<9x 

' <6 ' 6b) 

h -5— = (6.6c) 

ay2 ox 



( J^L- + ) = 3 < j < n (6.6d) 



(_l)»-i^zi = $«n-a ( 6 .6e) 

We now introduce a second-order linear equation in the potential variable v\ and the 
remaining potential variables, {v 2 , v^,... , v n -i}, in the form 

vi,t = Gjc ( ) (6.7a) 

Vj = vi iX , j = 2,3, ...,n- 1, (6.7b) 

where Gx is a linear function of its arguments, i.e. 

G c = C^[a,(3] vi 

[a, (3] := a x D x + a 2 D 2 x + ^D x o D yi + (3 2 D X o D y2 H + /3 n - 2 Ac ° A/»-2 • 

Here ay and /3j are given constants. It is instructive to consider the cases n = 3 separately: 

Case n = 3: The independent variables are {t,x,yi = y}. The linear potential equation 
in v\ is 

,x-> v l,xxi v l,xy) (6.8a) 

with V2 = vi >x . (6.8b) 
We aim to identify the 2nd-order equation 

and {<&*, <3? y }, such that 



D t & + D x <$> x + D y $ y 



= (6.10) 

u t =F 
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which potentialises in (I6.8a|) - (I6.8bj) with the auxiliary system 
vi, x = 

V2,y + Vl,t = -$ X 
V2,x = $ y - 

Applying D x on (|6.11bjl and D y on (I6.11cp and using (]6,10p . we obtain 

V lyX y = 

ut=F 



(6.11a) 
(6.11b) 
(6.11c) 



(6.12) 



which, by the use of (16. 9|) and (I6.11ap results in the following condition on $ and F: 



G c {D x &, D 2 x <f>\ D x o D y ¥) = D t & 



(6.13) 



u t =F 



For a give 3>* and F which satisfy condition f|6. 13j) . & x and & y can easily be expressed in 
terms of $ . We have 

Proposition 7: The condition on such that 16. 9\) . viz. 

Ui — F(Vj, Uxi Uxxi V'xyi ^yy) 



potentialises in $6.8a\) - j(6.8b\) . 



VIZ. 



vi,t = G c (vi iX , vi iXX , vi )Xy ) 
with V2 = vi iX , 

where Gc is a linear function of its arguments, is given by the relation W.13\) . viz. 

G c {D x &, Dl*\ D x o D y ¥) = D t & 
Then 

$ x = -D y & - G c (**, D x §\ D v &) (6.14a) 
& = D x & (6.14b) 



u t =F 



Note that A-auto-Backlund transformations can be introduced in a similar way as for 
equations and systems in (1 + 1) dimensions. 

Example: We consider the linear potential equation 

v\,t = vi }XX + vx, x + vi jX y (6.15a) 
with V2 = v± iX (6.15b) 
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with the assumption 

** = /(«), (6-16) 

where / is any differetiable function of u. By Proposition 7 and condition f)6. 13j) we obtain 
the equation 

U t = U xx + U xy + U X + JJ^T {u-xUy + U 2 X ) (6.17) 

and 

<S> X = -2f\u)u y - f(u)u x - f(u) (6.18) 

= f'(u)u x . (6.19) 
As a second assumption we can consider (now in terms of the dependent variable q) 

** = f'ilhx + M'(q)q y + f{q) (6.20) 

which, upon applying Proposition 7, leads to the same equation, (|6.17|) . albeit in the 
variable q, 

qt = q xx + q xy + q x + jj^ {q x q y + ql) , (6.21) 

with 

= -(A + 2) [f"(q)q x q y + f\q)q xy + f'(q)q y ] - 2A [f(q)q 2 y + f'(q)q yy ] 

-f'(q)qxx ~ f"(q)q 2 x ~ 2f'(q)q x - f(q) (6.22a) 

* V = f"{q)ql + f'(q)qxx + Xf"(q)qxq y + Xf'(q)q xy + f'(q)q x (6.22b) 

A A-auto-Backlund transformation of type I then follows directly for (|6. 17|) . namely the 
relation 

/(«) = /'(?)& + /'(«)?» + /(?), (6-23) 
where both u and q satisfy fl6. lTf) . 

Proposition 7 can readily be generalised to higher dimensions, i.e. the case n > 4: 
Proposition 8: The condition on $*, such that \6.2\i . viz. 

U t = F[U, U X , U XX , U Xyi , • • • , U X y n _ 2 , Uyj^^j , U yi y 2 , . . . , Uy n _ 2 y n _ 2 ) 

with n > 4 potentialises in (6. 7a) - (6. 7b), viz. 
vi,t = Gc (vi iX , v\ )XX , vi iXyi , . . . , v\ yXyn _ 2 ) 
Vj = vx, x , j = 2,3, . . . ,n - 1, 
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where Gc is a linear function of its arguments, is given by the relation 



G c {D x ¥, D 2 X ¥, D x o D yi &, . . . , D x o D yn _ 2 ¥) = D t $ 



(6.24) 



u t =F 



Then 



$ x = -D yi ^ - G c (**, D x &, D yi &, D yn _ 2 &) 

$»1 = Dy 2 $ t + D x $ t 



(6.25b) 



(6.25a) 



$%- 2 = (-l)i-i ( Dy . ,«!>' • D, l: ,<!>') 



3 < j < n, n > 4 



(6.25c) 



(6.25d) 



It should be clear that Propositions 7 and 8 can be generalised to equations of any order 
and converse multipotentialisations can be introduced in a similar way as for equations in 
(1 + 1) dimensions. However it is also clear that the linear equations in the form (|6.7a|) - 
([6.7b j) is not the most general linearisable case. 

A detailed study of the more general converse potentialisation and converse multipo- 
tentialisation for higher-dimensional equations and systems will be undertaken elsewhere. 

7 Concluding remarks 

We have introduced the converse multipotentialisation problem for equations and systems 
in (1 + 1) dimensions and also given a proposal for the extension to higher dimensions. 
Triangular (A) auto-Backlund transformations were introduced and it was shown that 
these transformations can be derived systematically by the converse methodology. 

The results listed in Cases I, II and III in Section 3 show that by the converse mul- 
tipotentialisation of the linear evolution equation we were able to identify an extensive 
family of nonlinear evolution equations; all related to the linear evolution equation by the 
composition of the corresponding conserved currents (see Diagram 6). By systematically 
applying this converse methodology we obtained, for example, equation ([3.29P viz. 



which can be viewed as a generalised Calogero-Degasperis-Ibragimov-Shabat equation, 
(j3.32p . Note that (|3.29p admits, for arbitrarty f(v), only one local integrating factor, 
A(x, v,v x , . . .) = f'[v) and hence only one local conservation law. Moreover (13.290 also in- 
cludes the third-order potential Burgers' equation, (|3.33p . (for a = and f(v) = exp(2t»)). 
We consider this to be an interesting example that could inspire the reader to exploit this 
methodology to find relations between other equations and possibly derive generalised 
versions of equations that may have been introduced earlier by ad hoc methods. 
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It should be clear from the examples reported here that a systematic application of the 
converse methodology for equations and systems can provide useful information regarding 
transformations between equations as well as certain types of auto-Backlund transforma- 
tions. 

The case of higher-dimensional equations and systems needs to be investigated further. 
We have only proposed here one possibility of the converse problem for higher-dimensional 
equations, namely the case where the higher-dimensional equation can be linearised in 
a specific type of linear equation in terms of its potential variables. A more detailed 
description of this problem is subject to future studies and will be presented elsewhere. 
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